A simplified theory of the diagonal Bianchi type I model coupled with a massless scalar field in loop quantum cosmology is constructed according to theμ scheme. Kinematical and physical sectors of the theory are under good analytical control as well as the scalar constraint operator. Although it is possible to compute numerically the nonsingular evolution of the three gravitational degrees of freedom, the naive implementation of theμ scheme to the diagonal Bianchi type I model is problematic. The lack of the full invariance of the theory with respect to the fiducial cell and fiducial metric scaling causes serious problems in the semiclassical limit of the theory. Because of this behavior it is very difficult to extract reasonable physics from the model. The weaknesses of the implementation of theμ scheme to the Bianchi I model do not imply limitations of theμ scheme in the isotropic case.
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of the symmetry reduced cosmological models, allows one to address fundamental questions about the fate of classical singularity and quantum gravitational corrections in the early universe. While the topic of the isotropic and homogeneous sector of the LQC originated in [6] is well understood [15, 16, 17, 18, 19, 20, 21] there still is work to be done in the homogeneous, but nonisotropic sector. Although loop quantum dynamics is not fully understood in this sector, already the first calculations in the quantum homogeneous models [7, 8] suggest a completely different structure of the space-time near classical singularities. After the discovery of the so-called "improved scheme" in [16] , analytical issues of kinematics and dynamics were studied in detail in the case of the simplest homogeneous diagonal Bianchi type I (BI) model [14] . Although there has been recent progress in the LQC diagonal BI model at the level of effective equations of motion [9, 10, 11] , the predictions coming directly from the quantum theory are still missing. Potential numerical simulations of the quantum dynamics in the theory constructed in [14] are more difficult than in the isotropic case [16] because of the complexity of the quantum scalar constraint. While the numerical study of the [14] model is still to be done, we can in the meantime focus our attention on recent papers [12, 13] . In [13] it was shown that a small simplification in the quantum theory leads to an exactly soluble LQC model. Similar simplifications enable us to prove self-adjointness of the quantum Hamiltonian in a purely analytical manner [12] . This motivates us to investigate similar simplifications in the LQC diagonal Bianchi I model. Similar results have also been obtained independently by the Madrid group [23, 24] .
Furthermore, so far in the literature there are two kinds of "loop regularization" of the gravitational part of the scalar constraint for the BI models described in [11] , the so-calledμ andμ ′ . Theμ ′ scheme has better scaling properties (see [11] ); however, a quantum theory for this scheme is much more difficult to construct. In this paper we study theμ scheme quantization described in [14] and simplify it to some extent. Unfortunately, such a theory has a limited domain of applicability. Full scaling invariance with respect to the different choices of the fiducial cell is broken, which causes fiducial cell and fiducial metric dependence on the semiclassical limit for the fiducial cells (and fiducial metric) different from cubical (see Sec. III B for a more detailed discussion). These problems are especially important for the case of noncompact topology of the three-dimensional spatial slice Σ of the foliation, where different shapes of the fiducial cells (and fiducial metrics different than isotropic) are allowed. The quantum theory should be invariant with respect to changes to different fiducial cells (and fiducial metrics) just like the classical theory does respect this invariance. The model here does not respect the fiducial invariance, resulting in the semiclassical limit of the theory is being unfortunately ill defined. This paper is organized as follows. In Sec. II the classical theory of BI cosmology is described in terms of Ashtekar variables. In Sec. III we consider the quantum theory of BI in the volume and the connection "(η)" representations. Section IV describes a unitary transformation W which allows one to use continuous 3D Fourier transform in order to extract semiclassical states from the theory. Section V contains a discussion. In the appendix the reader can find numerical strategy used in the simulations.
II. CLASSICAL THEORY
The scalar constraint for the (minimally coupled) general relativity with a massless scalar field in terms of Ashtekar variables is given by
where detE = e 2 and K i a stands for extrinsic curvature of the spatial slice Σ. Symplectic structure is defined by the following Poisson bracket:
Spatial part of the metric tensor for the diagonal Bianchi I models is given by
where the left invariant one-forms satisfy
= 0 (i.e. structure constants C i jk = 0). If we want to pass to the Hamiltonian formulation for our BI model we must be careful, because the scalar constraint (2.1) for the metric (2.2) is infinite. In order to make the integration over spatial slice finite we can replace Σ → V as
where V is a finite cell or, in the case of Bianchi I, we can choose topology of Σ to be a three-dimensional torus. The metric tensor given by the (2.2) reduced symplectic structure in terms of Ashtekar variables is defined as
denotes the fiducial volume of the finite cell (or a volume of the 3-torus). After symmetry reduction given by the metric (2.2) constraint (2.1) is reduced to the following one
The variables c i and p j are now rescaled as follows
The symplectic structure is now given by
2 Plus and minus mean two possible orientations of the spatial triads e i a = a(t) (i)
Moreover for the scalar field in (2.4) we have {φ, Π φ } = 1. If one chooses the lapse function to be N (t ′ )|p 1 p 2 p 3 | −1/2 = 1 the scalar constraint becomes
give us the following conditions:
where (i) means no sum over i. Let us set const i := 8πGγ K i and const φ := √ 8πGK φ . The solutions can be written as functions p i = p(φ) i given by
where K i = Kκ i and K φ = Kκ φ are rescaled such that
There are two types of solutions: "Kasner-like", when two κ i are positive and the other is negative, and "Kasner-unlike," when all three κ i are positive. Let us now define, for the purpose of the quantum theory, a new symplectic structure as
where new variables are defined as
The classical solutions (2.9) in terms of new variables V i are in the form
where we put κ φ = ±|κ φ |, because κ φ can be positive or negative. The total physical volume of the fiducial cell (or a 3-Torus) is defined as
III. QUANTUM THEORY
A. Kinematics -Volume representation A quantum theory in the improved (or not improved, so-called o µ) scheme was constructed in detail in [14] .
In this subsection we briefly recall the kinematics of the diagonal Bianchi I model in the so-calledμ scheme. The kinematical Hilbert space is given by H Kin = L 2 (R Bohr , dµ Bohr ) ⊗3 with the orthonormal basis elements labeled by three real numbers
where R Bohr stands for the Bohr compactification of a real line. The kinematical scalar product is defined as
Any state |ψ ∈ H Kin can be decomposed in the orthonormal basis as
with the norm N given by
There exists a volume operator defined aŝ
which is constructed from the components of the volume operator asV = |V 1V2V3 | 1/3 . The constant ∆ will be determined later. Each of theV i operators is given bŷ
for i = 1, 2, 3. The operators corresponding to the connection components c i do not exist in H Kin , but there are important unitary shift operators (for i = 1, 2, 3)
where b ∈ R (and there is no sum over i). Their action on a basis element is defined as followŝ
B. Dynamics -Volume representation
In the paper [14] one can find a detailed construction of the operator corresponding to the (2.4) in the full Loop Quantum Gravity scheme. The full LQG quantization of the scalar constraint (2.1) gives us quantum corrections to the term e [14] for the case of the diagonal Bianchi I model). However, the simplified LQC model proposed in [13] can be interpreted as a quantum model, where only the LQG effects coming from curvature 2-from F k ab are taken into account. In a similar way we construct in this section an operator corresponding to (2.6) where only a curvature 2-form
is loop quantized, so in order to simplify quantum theory the Thiemann trick is simply ignored. Therefore, we can use a regularized version of (2.6) (described in [9, 11] ) given by
∆ stands for the minimal non-zero eigenvalue of the area operator [22] . Let us now investigate the last two expressions in more detail. The (3.4) was obtained in two steps.
was introduced in order to make the scalar constraint (2.1) finite. Secondly the loop regularization with the condition (3.5) was used to obtain the formula (3.4). Because there is no preferred fiducial cell V the theory should not depend on the choice of the fiducial cell. In other words the two different cells should give the same physical evolution. This indeed is the case for the isotropic k = 0 model [16] . However, for the quantum model determined by (3.4) the situation is different. It can be easily seen from the (3.4), namely the expression sin(μ 1 c 1 ) (the scaling properties for theμ 2 c 2 andμ 3 c 3 are analogous). Let us notice that
Now, if we rescale our fiducial cell as
the (3.6) is rescaled according to the (2.5) as
The expressionμ 1 c 1 is then not invariant under the change of the fiducial cell. The sin(μ 1 c 1 ) is promoted to the shift operator by (3.3), so it seems that the magnitude of the volume shift in the operator corresponding to the (3.4) is fiducial scale dependent. This property can be summarized as follows: The classical dynamics does not depend on the choice of the fiducial cell, while the quantum dynamics does. Such behavior is very unfortunate, because it can generate several problems as in the old isotropic LQC models. One can argue that for the 3-Torus topology where the total coordinate volume of the spatial slice Σ is fixed, theμ condition has correct implementation [23, 24] . However, in the case of noncompact Σ topology there is no doubt that (3.7) is a serious defect. So what can we do about it? There are at least two possibilities. We can develop a better loop regularization with correct scaling properties or we can assume that the only consistent (partial) solution of the rescaling problem is to use only cubical fiducial cells. Then for the cubical choice we have l i = l (i = 1, 2, 3) and only for the rescaling defined by V 0 → l 3 V 0 (each a i → la i ) the (3.7) and the volume shift defined byμ i c i (i = 1, 2, 3) are invariant. In the rest of this paper the cubical shape assumption of the fiducial cell is made. Moreover, also the fiducial metric
b must be assumed to be isotropic.
Our task now is to promote (3.4) to a well-defined, symmetric operator. Let us start with a matter term (1/2)Π 2 φ . Because we are interested only in quantum gravitational effects the scalar field φ is quantized as usualφ
where ψ belongs to the total kinematical Hilbert space defined as
. The next step is to use kinematical tools described in the previous section to get an operator corresponding to the function sinμ (i) c i defined as follows
for k = 1, 2, 3. Let us now fix the factor ordering ambiguity of the (3.4) operator in a following way. Define now an operator
and notice the following property:
In terms of (3.9) operators we get a symmetric (with respect to the kinematical scalar product) gravitational part of the scalar constraint operator given bŷ
The action of the (3.10) on a basis element is as follows
The Hilbert space preserved by the (3.11) operator is given bỹ
and therefore we call it the physical Hilbert space. The parameters ε i ∈ [0, 1]. The physical scalar product iñ H Phy ε is defined by the kinematical one by restriction to the states ψ ∈H Phy ε .
C. Connection representation
In this section we investigate the quantum theory described in the previous section in (dual) η i connection representation. Let us begin with the following Fourier transformH
where variables
. From now on we will be interested in the most important case when ε i = 0 for 4 An operator (3.11) can be obtained also for the laps function N (t) = 1 by neglecting the inverse triad corrections and by specific choice of the factor ordering in the full quantum constraint. 5 L 2 (S 1 , dµ S 1 ) ⊗3 stands for the Hilbert space of square integrable functions on a (S 1 ⊗ S 1 ⊗ S 1 ). 6 The (3.13) is a 3 dimensional generalization of the Fourier transform introduced in [12] (see eq. (40) and (41) therein). i = 1, 2, 3. The physical scalar product in the H Phy ε=0 is defined in the obvious fashion:
It is not difficult to check that the basis element
is normalized to one with respect to (3.14) . It is easy to derive basic operators in the η i representation from the symplectic structure. Let us recall that the classical Poisson bracket is given by
After canonical quantization we get elementary operators. Components of the total volume operator are in the form
for k = 1, 2, 3. The shift operators (3.4) act as multiplication operators
Let us now consider a part of (3.4), namely,
If we define theÔ k operators aŝ 18) then the operators corresponding to sin(μ (i) c i ) pī µi in the symmetric factor ordering are defined as 12γπl
7 . The gravitational part of the scalar constraint operator (3.10) can now be written aŝ
The operator (3.19) is now symmetric with respect to the scalar product (3.14), because the commutator [Ô i ,Ô j ] = 0 for i = j. Moreover, the spectrum of (3.19) can be determined from the following equation
(3.20) The eigenvalue has a form ω( λ) = λ 1 λ 2 + λ 1 λ 3 + λ 2 λ 3 if the eigenfunction is given by
Notice that 12γπl 2 PlÔ k =Ô k in the volume representation.
where ψ (λ k ) (η k ) are defined by the formulas
for k = 1, 2, 3. The spectrum of (3.19) is continuous, because its eigenfunctions are normalized to Dirac delta
Followed by the strategy adopted in [14, 16] we can now write down the quantum constraint equation as
and interpret the scalar field φ as time in the quantum theory. In order to do this, we can now decompose the Eq. (3.22) into positive end negative frequencies aŝ
gr . The |Ĥ| operator generates translations in the quantum "time" φ therefore we call it quantum Hamiltonian. The wave function which satisfies the two above equations can be written as
(3.24) whereψ( λ) is a profile of the wave packet, which will be determined later. At the end of this section please notice an important property of the above solution. The (3.24) is symmetric with respect to π/ √ ∆ in each variable η i because it shares the same symmetry with (3.21). Moreover, the states which satisfy (3.23) are called physical states, because of the Dirac quantization program which is applied here.
IV. THE UNITARY TRANSFORMATION W
A. Isotropic k = 0 model
In the recent papers [12, 13] it was shown that the differential relation
leads to a very simple formula for the gravitational part of the scalar constraint operator, namelŷ
in [13] , orĈ
in [12] 
B. Diagonal Bianchi I model
A simple generalization of (4.1) for the quantum Bianchi I model yields the following differential relation:
which gives us the formulas 
, it is natural to consider y k (η k ) in each of the two intervals separately. Let us now consider the physical scalar product (3.14) and the physical states (3.24) in more detail. Because of the very important symmetry of (3.24) with respect to π/ √ ∆ in each of the variables η i , the physical scalar product (3.14) can be reduced to
Keeping this property in mind we will now construct a quantum theory in the y k variables in the symmetric sector for η k ∈ [0, π/ √ ∆]. Equations (4.4, 4.5) define a unitary map W (which is a three-dimensional generalization 8 
Our variable
√ ∆η is denoted λb in [13] and x/2 in [12] .
of the map introduced in [12] ) as
and W −1 as
Let us denote by S 
The components of the volume operator (3.16) are transformed under W as
Moreover it is not difficult to find a form of any physical state (3.24) in new variables
At the end of this subsection please notice the simple fact that if the physical states (3.24) share the following property Ψ( η) = 0 at the boundary of the region of the integration in (4.6) then the operators (3.16) and (4.11) are symmetric on
3 y) respectively.
C. Classical and quantum evolution
In this section we present the differences between classical and quantum evolution of the scale factors in the diagonal Bianchi type I model. The classical relation between elementary variables and the scale factors [in the metric tensor (2.2)] is
New variables were introduced, namely V i = sqn(p i )|p i | 3/2 , and these have corresponding operators in the quantum theory. The classical trajectories are defined as
Moreover, the parameters κ i and κ φ satisfy relations (2.10). In order to compare the classical and quantum model we can use the semiclassical states which are analogues of those introduced in [14] 9 10 , namely 
(4.17) because then the variables λ i (i = 1, 2, 3) for which ω < 0 do not contribute. For the symmetric sector defined by (4.6) the physical state (4.17) in the y k variables has a well known form of Fourier transform in 3D 
, however, is under good analytical control and we can compute the integral (4.18) numerically using fast Fourier transform in three-dimensions (see appendix for details). From the result of numerical simulations one can notice an important property of (4.18) and as a consequence of the W map, the property of (4.15). Numerically computed W (Ψ)( y, φ 0 ) has a finite norm 11 in the sense of the scalar product (4.9). Moreover, W (Ψ)( y, φ) decreases as exp(−ay 2 k ) (where a > 0 is some constant) in every direction y k for all values of φ used in the numerical simulations. If we use the inverse transformation W −1 (4.8) and write the state (4.18) as 19) we conclude that Ψ( η, φ) = 0 at the boundary of the integration region in (4.6). In order to make it more clear, let us write the right-hand side of (4.19) in terms of y k variables as RHS = cosh y 1 cosh y 2 cosh y 3 W (Ψ)( y, φ). 
The scalar product and the components of the volume operator are given by (4.9) and (4.11) respectively. The above integrals were computed numerically (see appendix for details). 11 A norm of (4.18) can be also computed analytically.
V. DISCUSSION
In the Figs. (1) , (2) and (3) make the pictures clear, each figure contains quantum and classical behavior of one degree of freedom V i . Three solutions: isotropic, Kasner-like, and Kasner-unlike are compared with classical trajectories. In each case far away from classical singularity quantum trajectory follows closely the classical one up to the region where quantum gravitational effects become dominant. Instead of following the classical singular solution we have "big bounce" to another classical trajectory defined by (4.14). While it seems that classical singularity is avoided we will see later that unfortunately this result as well as the semi-classical limit of the theory does not have invariant meaning with respect to fiducial cell and fiducial metric. However, having now all types of numerical semiclassical solutions of (4.22) we can make a phenomenological observation. Each curve in Figs. (1,2,3 ) can be well approximated by the following hyperbolic function:
where values V 0i and φ 0 depend on semiclassical states ψ which are used in computations. Now, we consider numerical parameters used in calculations and dispersions defined by dispersions were computed using lattices defined by parameters N 1 = N 2 = N 3 = 256, 320, 512 [see (7.7) ]. In principle one can use better parameters N i in (7.7) and higher values of Kκ i to increase the accuracy and semiclassicality of the calculations. However, the requirements for the calculating machine are beyond the parameters of the "SOWA" cluster in the University of Warsaw physics department which the author used and whose capability allows for maximum values of N 1 , N 2 , and N 3 in (7.7,7.10) equations to be 512. Let us now mention the difficulties with the Kasner-like solution. Computations of small dispersions for this case are unfortunately impossible to perform for the author. This is due to the fact that in order to have a good approximation in (4.15)
Typical values of
φ > 0 for sufficiently large σ i parameters, we have to take large numbers Kκ i , which is not possible according to the random access memory (RAM) capability of the "SOWA" cluster. Our maximal lattice defined by N i = 512 (i = 1, 2, 3) is not dense enough to compute integral (4.22) with very large values of Kκ i . However, we do not see a reason why dispersions for the Kasner-like solution would be different than in the Kasner-unlike solution, so we expect very similar behavior.
Results enclosed in this paper show only semiclassical behavior of the three gravitational degrees of freedom. However, the above results are valid only for the cubical shape of the fiducial cell and metric. Moreover only the cubical scaling of the theory is allowed. Let us now focus on the scaling properties of the gravitational part of the scalar constraint. If we allow one to scale a i → l i a i , where all l i are different for i = 1, 2, 3 (the fiducial cell becomes cuboid) then the spectrum of the operator (3.10) scales as
where V 0 = l 1 l 2 l 3 and α 1 , α 2 , α 3 are some numbers determined by l 1 , l 2 , l 3 . For l i = 1 we have α i = 1 and then semiclassical states (4.15) do not give correct classical limit. The quantum trajectory defined by ( Thus the semiclassical limit with respect to (4.15) is fiducial cell dependent. Moreover, the shift operators defined by sinμ i c i correspond to the different steps after rescaling V 0 → V 0 l 1 l 2 l 3 , in contrast to the k = 0 model [16] , where the step defined by the sinμc is invariant under V 0 → l 3 V 0 . One can conclude that for each choice of the (noncubical) fiducial cell V (and fiducial metric) the model has different quantum dynamics, while it seems reasonable to expect that the quantum model should generate only one physical dynamics. The only consistent fiducial cell is a cube with the rescaling of the scale factors a i → la i . Then α 1 = α 2 = α 3 = V 2 0 , the spectrum is invariant ω → ω, and the semiclassical limit defined by (4.15) is correct.
Let us conclude that theμ quantization scheme which is highly successful in isotropic models, applied for the Bianchi I in [14] has its problems described above. The classical theory allows one to consider many different fiducial cells, while the quantum model allows only the cubical one. Moreover, the fiducial metric
also must be isotropic, which is a serious limitation. Although for the 3-Torus topology of the spatial slice Σ with fixed coordinate volume V 0 theμ scheme can make sense [23, 24] , for the noncompact Σ topology the model is tentative and should be considered as such. Now what about future directions for the given model? It seems necessary to carry out the analysis involving the curvature invariants in order to investigate the scaling properties of the model, especially at the bounce. However, our results suggest that theμ scheme applied to the BI model does not have correct scaling properties even at the bounce. We conclude that the new way of loop regularization and its quantization is needed. Also similar problems may arise in a large class of models based on arbitrary discretizations such as lattice refinement models, so one should be more careful with respect to the regularization of the constraints.
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VII. APPENDIX A. Numerical Integration
Consider a Fourier integral
where the amplitude is sharply peaked at some value of λ 0 and zero everywhere else. In order to deal with the above integral numerically we can use the following strategy. Let us approximate ( N , whereψ j = e ij∆x0ψ (λ j ) can be computed using the powerful fast Fourier transform. As a result we get values of ψ(x) on a lattice defined by x k = x 0 + k∆ x , for k = 0, 1, 2, 3...N − 1. For sufficiently large N (and small ∆ , ∆ x ) it is possible to cover the region on the x axis where the function ψ(x) is nonzero with a good accuracy. A norm of (7.1) can be computed as 3 ) , (7.6) if the boundary of the integration region defined by a i and b i (for i = 1, 2, 3) is appropriately chosen. The next step is to approximate the above integral by the sum [at some point (y × exp i2π
where k i = 0, 1, 2...N i − 1, for i = 1, 2, 3. Similarly to the one-dimensional case the sum (7.9) can be computed using fast Fourier transform in 3D. The scalar product (4.9) is defined as ψ|ψ ≈ 8 (2π) 3 (7.10)
